Abstract. We present a short proof of a conjecture proposed by I. Raşa (2017) , which is an inequality involving basic Bernstein polynomials and convex functions. This proof was given in the letter to I. Raşa (2017) . The methods of our proof allow us to obtain some extended versions of this inequality as well as other inequalities given by I. Raşa. As a tool we use stochastic convex ordering relations. We propose also some generalizations of the binomial convex concentration inequality. We use it to insert some additional expressions between left and right sides of the Raşa inequalities.
Introduction
For n ∈ N the classical Bernstein operators (p n,i (x)p n,j (x) + p n,i (y)p n,j (y) − 2p n,i (x)p n,j (y)) f i + j 2n ≥ 0 (1.1) provided the integrals exist, then µ is said to be smaller than ν in the convex stochastic order (denoted as µ ≤ cx ν).
The binomial distribution with parameters n ∈ N and p ∈ [0, 1] (denoted by B(n, p)) is the probability distribution given by B(n, p)({k}) = p n,k (p) = n k p k (1 − p) n−k for k = 0, 1, . . . , n and B(n, p)(R \ {0, 1, . . . n}) = 0. In particular, B(1, p) is the Bernoulli distribution.
Below we recall the theorem on the binomial convex concentration inequality (see [14] ). In the above theorem * denotes the convolution of probability distributions. In [10] , the authors note that the inequality (1.1) is equivalent to the following stochastic convex ordering relation
To prove (1.2), the authors proved the following two propositions on convex ordering relations
The inequality (1.3) follows immediately from Theorem 1.1 on the binomial convex concentration inequality. In the proof of (1.4), the authors used the Ohlin lemma [11] .
Raşa [13] remarked, that (1.1) is equivalent to
Since B 2n f is convex, we have
Thus the following problem seems to be a natural one. Prove that
for all convex f ∈ C([0, 1]) and x, y ∈ [0, 1]. If (1.7) is valid, then (1.5) is satisfied, and hence (1.1) is a consequence of (1.6) and (1.7). Starting from these remarks, Raşa [13] presented the inequality (1.7) as an open problem. A very simple probabilistic proof of the inequality (1.7) was given by the authors in the letter to I. Raşa [7] . After that, an analytic proof of (1.7) was given in [2] .
In this paper, we present the proof of (1.7), given in the letter to I. Raşa [7] , as well as we give generalizations of (1.5), (1.6), (1.7) and (1.1). We propose also some generalizations of Theorem 1.1 on the binomial convex concentration inequality. Among other, we use it to insert some additional expressions between left and right sides of the Raşa inequalities.
Main results
First we recall a new conjecture of I. Raşa [13] and present its proof, which we sent in the letter to I. Raşa [7] . Theorem 2.1 (new conjecture of I. Raşa [7] ).
for all convex functions f ∈ C([0, 1]) and x, y ∈ [0, 1].
Proof. Note that (2.1) can be written in the form
which was proved in [10] (see Proposition 1.2). The theorem is proved.
In the following theorem we give a generalization of the inequalities (2.1), (1.6), (1.5) and (1.1).
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Proof. To prove (2.3), using the well-known characterization of binomial distributions, we have that
Then by Theorem 1.1, we conclude that
where
is equivalent to (2.3), the inequality (2.3) is proved. The inequality (2.4) follows immediately from the convexity of B m f . In turn, the inequality (2.5) is an immediate consequence of (2.3) and (2.4), and the inequality (2.6) follows from (2.5). The theorem is proved.
In the set of all the m-tuples p = (p 1 , . . . , p m ) ∈ R m we consider the following quasiorder. The majorization has been studied in [5] (before Theorem 45), [9] , and many other sources.
In the next theorem we give a generalization of the binomial convex concentration inequality.
(2.8)
Proof. Let p ≻ p ′ . We need to show that for each convex function f :
where X 1 , . . . , X m and X ′ 1 , . . . , X ′ m are independent random variables such that X i ∼ B(1, p i ) and
is a permutation of p, p k is a permutation of p ′ , and such that for every l = 1, . . . , k there exist s, t ∈ {1, . . . , m} such that
t . In other words p l is constructed from p l−1 by changing just two of its terms (making the values of these terms closer).
Because of transitivity of the relation ≤ cx it is enough to show (2.8) for p = p l−1 and p ′ = p l , l = 1, . . . , k. Let s, t ∈ {1, . . . , m} be such that
. . , X m be independent random variables such that X i ∼ B(1, p i ), i = 1, . . . , n. For i / ∈ {s, t} we define X ′ i = X i , and let X ′ s , X ′ t be independent, and independent on X ′ i , i / ∈ {s, t} and such that
is a convex function. Then we have the equality
The last inequality follows from the fact that
and the non-negativity of
follows from the convexity of the function f . The theorem is proved. In the following example we show that the condition p ≻ p ′ in Theorem 2.4 is sufficient but it is not necessary. ). We have The following example shows that it is not true that the condition p ≻ p ′ can be weakened by replacing it with the conditions p = p ′ and
Example 2.8. Let p = (1, 
We have also µ := B(1, p 1 ) * · · · * B(1, p 4 ) = In the following theorem we give the conditions, which are equivalent to (2.8), but this characterization seems completely impractical (therefore we skip the proof).
The following conditions are equivalent: In the following theorem we give a generalization of Proposition 1.3.
Proof. Since the function B n f : [0, 1] → R is convex, the theorem follows immediately from the HardyLittlewood-Pólya inequality ( [5] , Theorem 108).
In the next theorem we use Theorem 2.4 and the Jensen inequality to insert some additional expressions between left and right sides of the Raşa inequalities (2.3) and (2.4), respectively.
Then for all convex functions f ∈ C([0, 1]) and j = 3, . . . k − 1
. . . Proof. Put
To prove (2.9), we take into account the following equalities B(n i , x i ) = [B(1, x i )] * n i , B( n i , x i ) = [B(1, x i )] * n i , i = 1, . . . , k.
Then by Theorem 2.4, we obtain the following convex ordering relations B(n 1 , x 1 ) * . . . * B(n k , x k ) ≤ cx B( n 2 , x 2 ) * B(n 3 , x 3 ) * . . . * B(n k , x k ) ≤ cx . . . ≤ cx B(m, x), which are equivalent to the inequalities (2.9). It is not difficult to prove, that by the convexity of B m f , the inequalities (2.10) follow immediately from the Jensen inequality. The theorem is proved.
